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Abstract
In this paper we show that not all affine rational complex surfaces can be parametrized bi-
rational and surjectively. For this purpose, we prove that, if S is an affine complex surface
whose projective closure is smooth, a necessary condition for S to admit a birational surjective
parametrization from an open subset of the affine complex plane is that the infinity curve of S
must contain at least one rational component. As a consequence of this result we provide examples
of affine rational surfaces that do not admit birational surjective parametrizations.
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1 Introduction
Some computational problems, of mathematical nature, can be approached by means of algebro-
geometric techniques. In these situations, either because of the problem itself directly relates to an
algebraic variety or because the problem is translated into an underlying algebraic variety, techniques
from computational algebraic geometry are applied. Specially important are those cases where the
associated algebraic variety is unirational, since then two different types of representations of the
geometric object, namely a set of generators of its ideal or a rational parametrization of it, are
available. Examples of this claim appear in some practical applications in computer geometric design
(see [2], [5], [11], [16]), where the connection to algebraic geometry is direct. Other examples can
be found in the study and solution of algebraic differential equations by means of the analysis of
an associated algebraic variety (see e.g. [6], [8], [9], [12], [13], [14]); for instance, an algebraic non-
autonomous first order ordinary differential equation induces an algebraic surface and the existence,
and actual computation, of a general rational solution is derived from a birational parametrization of
this surface (see [14]).
Nevertheless, when dealing with parametric representations one needs to guarantee that certain
problematic situations do not appear. An specially important difficulty may occur when dealing with
parametrizations that are not surjective. That is, let us work with, say, a rational affine variety X ,
and we take a birational affine parametrization f of X ; in other words, a dominant birational map
f : Cr f(Cr) ⊂ X ⊂ Cn, and let us assume that f is not surjective, i.e. f(Cr) ( X . Then, the
feasibility of the use of f depends on whether the variety property sought, or the information derived
from the variety, is only readable from the non-reachable zone X \ f(Cr) of the algebraic variety.
Example 1.1., in [20], illustrates the described difficulty for the problem of computing the distance of
a point to an algebraic surface.
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When the affine complex variety X is a curve, the problem admits a direct solution, in the sense
that X can always be parametrized birationally and surjectively. Furthermore, in [1] and [17] one may
find algorithms for this purpose. For the case of surfaces, the problem turns to be more complicated.
The question has been approached from two different point of views: either providing one surjective
birational affine parametrization of X (see e.g. [7], [15] , [19]), or determining finitely many birational
affine parametrizations f1, . . . , fs ofX such that the union of their imagines does cover the whole affine
surface, that is ∪si=1fi(C
2) = X (see e.g. [3], [7], [18], [21], [20]). Nevertheless, the following natural
question arises: does there exist a surjective birational affine parametrization for every rational affine
surface?
In this paper, we answer this question and we prove that, in general, the answer is no. More
precisely, in Theorem 3.1, we describe the intersection of the projective closure of the given affine
surface with the infinity plane under the assumption that the surface can be parametrized surjectively
and birationally; in fact, we see that this intersection has to be either smooth or contain at least one
rational component. As a consequence, in Example 4.2, we show that the Fermat cubic surface cannot
be parametrized surjectively with a birational parametrization.
2 Preliminaries
In this section, we recall some basic facts that will be used throughout the paper; we refer the reader
to [4], [10] for further details. We also include some consequences whose reference is unknown to us.
We work over the complex field C. A variety is an irreducible and reduced projective scheme. We
remind the reader that a variety X is normal iff the local ring OX,x is integrally closed for all x ∈ X .
We also recall that any smooth variety is normal.
Some classic results:
Theorem 2.1. [10, Exercise II.3.22(c)] Let f : X → Y be a surjective morphism of schemes. Then,
the dimension of the general fiber of f is dimX − dimY .
Theorem 2.2. [10, Exercise I.3.20] Let X be a quasi projective normal surface. Let f : X AN be
a rational map, whose indeterminacy locus is finite. Then f is a regular morphism.
Theorem 2.3. [10, Lemma V.5.1] Let f : X PN be a birational map. If X is normal, the
fundamental locus of f has codimension at least 2 in X.
Theorem 2.4. [4, Theorem II.7] Let X be a surface. Let f : X PN be a rational map. Then there
exists a commutative diagram
Y
X PN
g
||②②
②②
②②
②
h
""❊
❊❊
❊❊
❊
f
//❴❴❴❴❴❴❴
where g is a composite of blowups and h is a morphism.
Corollary 2.5. In the hypotheses of Theorem 2.4, suppose that X is normal. Then, for any funda-
mental point P of f , h(g−1(P )) is a connected finite union of rational curves.
Proof. Let E be the connected component g−1(P ) of the exceptional divisor. Since g is a composite
of blowups, E is a connected union of irreducible curves, all of them isomorphic to P1.
If h(g−1(P )) = h(E) is not a connected finite union of rational curves, due to the connectedness
of E and the fact that it is 1-dimensional, h(E) must be a single point Q ∈ f(X) ⊂ PN . Taking an
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affine neighbourhood U ⊂ PN of Q, we have that V = f−1(U) ∪ {P} is neighbourhood of P in X .
Applying Theorem 2.2 to f |V , we have that f can be extended to P , which contradicts the fact that
it is a fundamental point.
Theorem 2.6. [10, Corollary V.5.4 and Theorem V.5.7](Castelnuovo’s criterion of contractibility)
Let X be a smooth surface and C an irreducible curve in X. There exists a smooth surface Y and a
birational morphism f : X → Y contracting C to a point iff C ≃ P1 and C2 = −1. In such case, f is
the blowup of the point f(C) ∈ Y .
Remark 2.7. Theorem 2.6 says that any birational morphism between nonsingular surfaces is a
composite of blowups, each one being the blowup of a closed point.
Theorem 2.8. (Zariski’s Main Theorem, see e.g. [10, Corollary III.11.4]) Let f : X → Y be a
birational projective morphism between irreducible and reduced varieties. Suppose Y to be normal.
Then, for any y ∈ Y , f−1(y) is connected.
3 Surjective parametrizations of affine surfaces
This section is devoted to proving the following result.
Theorem 3.1. Let f : C2 CN be a rational map. Let S be the Zariski closure of f(C2) in CN ,
and suppose that f is birational and surjective onto S. Let S be the Zariski closure of S in PN
and S∞ = S − S the infinite hyperplane section. If S is smooth, then S∞ has at least one rational
component.
To prove Theorem 3.1, we consider Theorem 2.4 and get the commutative diagram
Y
P2
C2
S
S
PN
CN
g
||②②
②②
② h
""❊
❊❊
❊❊
❊
f
//❴❴❴❴❴❴
f
//❴❴❴❴❴❴
→֒
→֒
→֒ →֒ →֒
(1)
We also establish some more notation. We denote by F (f) the (finite, by Theorem 2.3) fundamental
locus of f , and by L∞ = P
2 \ C2 the infinity line of the plane.
We prove two lemmas before attacking Theorem 3.1.
Lemma 3.2. In the conditions of Theorem 3.1, and with the notation above, then it holds that
h(g−1(F (f)) ⊂ S∞.
Proof. We know by Theorem 2.3 that F (f) is a finite set. Let P ∈ F (f) be one of its elements
and let E = g−1(P ) be the connected component of the exceptional divisor corresponding to P . Let
C = h(E). We know by Corollary 2.5 that C is a finite union of rational curves. By Theorem 2.1, any
general point Q ∈ C satisfies that h−1(Q) is 0-dimensional (otherwise, h−1(C) would be a surface in
Y , contradicting the birationality of f).
On the other hand, Theorem 2.8 implies that h−1(Q) is connected. Therefore, h−1(Q) is a single
point P ∈ Y . However, since Q ∈ C = h(E), this means that P ∈ E, so Q 6∈ f(C2). Since f is
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surjective onto S, this means that Q ∈ h(Y ) \ S = S \ S = S∞. As this happens for general Q ∈ C,
we have that C ⊂ S∞.
This is valid for any P ∈ F (f), so the proof is completed.
Lemma 3.3. In the conditions of Theorem 3.1, and with the notation above, it holds that h(g−1(L∞)) ⊂
S∞ and
1. if f(L∞) is a curve, then S∞ contains a curve,
2. if f contracts L∞, then S∞ contains at least two rational curves.
Proof. Let us consider two possibilities:
1. If f(L∞) is a curve C, by Theorem 2.1, any general point Q ∈ C satisfies that h−1(Q) is 0-
dimensional (otherwise, h−1(C) would be a surface in Y , contradicting the birationality of f).
On the other hand, Theorem 2.8 implies that h−1(Q) is connected. Therefore, h−1(Q) is a single
point P ∈ Y .
However, since Q ∈ C = f(L∞), we have that g(h−1(Q)) = g(P ) ∈ L∞, and then Q 6∈ f(C2) =
S. This means Q ∈ h(Y ) \ S = S \ S = S∞. The generality of Q means that C ⊂ S∞.
2. If f contracts L∞, then Theorem 2.6 means that the strict transform of L∞ by g is a −1 curve.
This is only possible if g blows up two points P1, P2 in L∞. By Lemma 3.2 and Corollary 2.5,
h(g−1(Pi)), i = 1, 2, is a nonempty finite union of rational curves and it is contained in S∞.
Let C be a rational curve contained in h(g−1(P1)). For the general Q ∈ C, Theorems 2.1 and
2.8 say that the preimage h−1(Q) is 0-dimensional and connected, so it is a point P ∈ g−1(P1).
Since g−1(P2) ∩ g−1(P1) = ∅, because a point cannot have two images, we have that C is not
contained in h(g−1(P2)). This means that S∞ has at least two components, one in h(g
−1(P1))
and the other in h(g−1(P2)).
Proof. (of Theorem 3.1) It is a direct consequence of Lemma 3.3.
Remark 3.4. The smoothness of S is used any time we apply Zariski’s Main Theorem or Casteln-
uovo’s Criterion of Contractibility.
We now restate Theroem 3.1 in a way we can use to prove inexistence results easily:
Theorem 3.5. Let S ⊂ PN a projective rational smooth surface. Let S∞ the intersection of S with
the infinity hyperplane of PN and let S be S − S∞. Suppose that none of the components of S∞ is a
rational curve. Then there does not exist any rational map f : C2 S both birational and surjective.
Proof. It is just a restatement of Theorem 3.1.
Next result is useful to study cases where Theorem 3.1 or 3.5 are not applicable
Corollary 3.6. In the conditions of Theorem 3.1, and with the notation above,
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1. if F (f) ∩ L∞ 6= ∅, then S∞ contains at least two rational components.
2. if S∞ contains just one rational component, then f is a regular morphism.
Proof. First of all, we observe that the first statement is a particular case of the second one: if
F (f) ∩ L∞ 6= ∅, then f is not a regular morphism. So, by the second statement, we have that
S∞ cannot contain just one rational component (and it contains at least one by Theorem 3.1), so it
contains at least two of them. To prove the second statement, let C be that only rational component
in S∞. Lemma 3.3 says that f does not contract L∞, and that f(L∞) is an open subset of C. By
Theorems 2.1 and 2.8, for a general Q ∈ C = f(L∞), h−1(Q) is 0-dimensional and connected, so it is
a point P . Due to (1) being commutative, we have g(P ) ∈ L∞.
On the other hand, Lemma 3.2, says that h(g−1(F (f)) ⊂ S∞ and Corollary 2.5 says that
h(g−1(F (f)) is a (possibly empty) finite union of rational curves. This means that h(g−1(F (f)) ⊂ C.
However, the last paragraph implies that the general P ∈ C is not in h(g−1(F (f)). Since C is irre-
ducible and h(g−1(F (f)) is either empty or 1-dimensional, we have that F (f) = ∅, so f is regular.
4 Examples and inexistence results
The next example illustrates that the conditions given by Theorem 3.1 are sharp. We find a family of
examples where just one rational component at the infinity is enough to have a surjective parametriza-
tions from C2.
Example 4.1. Consider the d-th Veronese embedding vd : P
2 → PN , where N = (d+2)(d+1)2 , given
by all degree d monomials: vd(x0 : x1 : x2) = (x
d
0 : x
d−1
0 x1 : . . . : x
d
2). Let C ⊂ P
2 be a curve of
degree d− 1 and L∞ be the infinity line x0 = 0. Then the ideal of C ∪L∞ is given by a homogeneous
polynomial of degree d. This means that vd(C∪L∞) is the intersection of S˜ = vd(P2) with a hyperplane
H. Therefore, if we compose vd with the suitable automorphism of P
N that takes H to the infinity,
we get a parametrization f of the image S such that S∞ = f(C ∪ L∞). This means that S = S \ S∞
is covered by P \ (C ∪ L∞) = C2 \ C, and fC2\C is an isomorphism.
The next example is one of the main motivations of this paper: finding examples of rational affine
surfaces that do not admit birational surjective parametrizations.
Example 4.2. Consider S to be the Fermat Cubic surface, given by the equation x3+y3+z3 = 1. The
intersection with the infinity plane is given by the equation x3 + y3 + z3 = 0 in projective coordinates.
It is a smooth cubic curve, so it is not rational. Therefore, by Theorem 3.5, although S is rational
and S is smooth, it is impossible to parametrize S surjective and birationally from any open subset
from C2.
Finally, Corollary 3.6 provides some ideas to prove inexistence results for other surfaces.
Example 4.3. Consider S to be a smooth quadric hypersurface. There are only two possibilities for
S∞. If S∞ has singularities, then it must consist in two lines. Then the structure of S as P
1 × P1
gives the affine part the structure of C1 × C1 ≃ C2. We would have the well-known parametrization
of the paraboloid.
However, if the infinity curve is nonsingular, then it is a conic, which is rational. If there were
a surjective birational map f : C2 S, Corollary 3.6 implies that f could be regularly extended to a
morphism f : P2 → S. Since f is surjective, f would be surjective too. However, one can choose two
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lines in S ≃ P1× P1 whose intersection is empty. Their preimages in P2 would be two curves with no
common points, which is impossible for an algebraically closed field. This implies that it is impossible
to find a surjective birational parametrization of the hyperboloid.
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